


Topics, closely related to Ron’s  numerous 

contributions at the interface with physics, 

including  recent ``mini-revolution’’ in  F-theory 

compactification. 

As a colleague at Penn, he is generous and   

patient, teaching physicists, including myself, 

aspects of algebraic  geometry. 

Resulted in my collaboration with him on  

heterotic string theory & F-theory, including one 

topic of this talk. 

Wishing you a Happy 60th Birthday! 
 



Outline:  
 

I.! Motivation:  F-theory & Particle Physics 
       Geometry of Singular Elliptically Fibered Calabi-Yau Manifolds 

     building blocks ! non-Abelian gauge symmetry, matter, coupl. 

       particle physics models! highlight  3-family Standard Model 

 

                              
 

 

II.  Formal Developments:  

    Abelian  Symmetries   U(1)n – elliptic fibrations with  

       rational sections &  Mordell Weil group     

     Discrete Symmetries Zn  – genus-one fibrations with 

       multi-sections & Tate-Shafarevich group 

 
Overview – Upenn-centric 





F-theory? 

•! back-reacted  

    (p,q) 7-branes   

•! regions with large 

g
s
 on non-CY space 

•! coupling g
s
 part of 

     geometry (12dim) 

•! elliptically fibered  

Calabi-Yau manifold 

 

      

F-theory                  =           Type IIB String 

gs –string coupling 



F-theory? 

F-theory                  =           Type IIB 

M-theory (11dim SG) 

on S1 

•! back-reacted  

    (p,q) 7-branes  

•! regions with large 

g
s
 on non-CY space 

gs –string coupling 

•! coupling g
s
 part of 

     geometry (12dim) 
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I. Particle Physics & F-theory 
concrete examples 









(H#""($ (1
P
3Base B = Divisors in the base: 

n7
\n9

1 2 3 4 5 6 7

7 - (27; 16) - -

6 - (12; 81) (21; 42) - -

5 - - (12; 57) (30; 8) - (3; 46)

4 (42; 4) - (30; 32) - - - -

3 - (21; 72) - - - (15; 30)

2 (45; 16) (24; 79) (21; 66) (24; 44) (3; 64)

1 - - - -

0 - - (12; 112)

-1 (36; 91) (33; 74)

-2 -

Solutions (#(families);nD3) for allowed (n7,n9): 

Standard Model: 

S7 = n7HP3

S9 = n9HP3



II. U(1)-Symmetries in F-Theory 
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  - U(1)’s  gauge bosons Am should also arise via  KK reduction  . 

Forbid non-Abelian enhancement  (by M2’s wrapping     ‘s): only I
1
-fibers 

C3 ⊃ A
m

ωm

P
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  - U(1)’s  gauge bosons Am should also arise via  KK-reduction  . 

Forbid non-Abelian enhancement  (by M2’s wrapping     ‘s): only I
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          (1,1) - form                    rational section  [Morrison,Vafa]!ωm









ELLIPTIC FIBRATIONS WITH n RATIONAL  

SECTIONS 

Elliptic curves with rank-n Mordell-Weil group 













III. Discrete Symmetries in F-Theory 
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[Morrison, Taylor;!
 Anderson, García-Etxebarria, Grimm,  Keitel;  !

 Braun, Grimm, Keitel] !
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blow-down 

deformation 

Since  Abelian symmetries better understood  (c.f., recent works) 

most efforts focus on the geometry and spectrum of  U(1)(n-1),  

to deduce, primarily via effective field theory, implications for Zn. 

     Approach also taken here 

Geometry 

Effective field theory 

56&72-0!?!@23*(&$&!A-BC&!D)++&$()!20!"#$%&'()!

[Anderson,Garcia-Etxebarria, Grimm; Braun,Grimm,Keitel;!

Mayrhofer, Palti, Till, Weigand] 

<+
[M.C.,Donagi,Klevers,Piragua,Poretschkin] 

Z2 

Z3  1502.06953!



Tate-Shafarevich Group & Geometry w/ n-section     

                                                              (3-section) 







F-Theory/M-Theory Fluxed Circle 

Compactification !  the role of TS (Z3) 

[Anderson,Garcia-Etxebarria, Grimm; Braun,Grimm,Keitel;!

Mayrhofer, Palti, Till, Weigand] 













Investigating all M-theory phases 

    Problem: 

•! 3 curves needed, but I2 -fiber only has two components w/ 

    two curves  c1 and c2,  with charges  (2,-1) and (-1, 2)  manifest 

•! curve with charge (3,0)  is not visible in the toric resolution 

    [curve in the class [c1 + T2] would have the right charges] 

     Computation of the Gromov-Witten invariant reveals              

                 Nc1+T2 = 1 

Where is the geometry with the charge (3,0) curve manifest? 
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•! Explicitly construct the three different curves that yield the  

fields with desired charges; crucial to consider two different  
resolutions of the singular dP1 geometry, related by flop 

transition.  

•! One can expect to see at most two matter curves in one 

resolution explicitly, we can detect the third (hidden) one by 

computing the  Gromov-Witten invariant of the corresponding 

curve class (which was done).   

•! Demonstrate that the three different M-theory vacua do not 

lead to three different geometries but must be distinguished  
by the action of the Jacobian on the remaining two non-trivial 

elements of the Tate-Shafarevich group. 

 Expect to generalize to Zn n>3. 



K?22-'(  

•! Particle Physics Models: three family Standard, Pati-Salam & 

Trinification models (tip of the iceberg) 

•! Abelian Gauge Symmetries: highlight U(1)2 example ! 

    generalizations: unHiggsing  [M.C., Klevers, Piragua, Taylor]!

 

•! Discrete Gauge Symmetries: highlight Z3 example  

    via conifold transition. Identify all matter which Higgses to   

    different M-theory vacua           Tate-Shafarevich group  

   

      

        •! First principle calculation of  torsional  homology  for the  
    Jacobian curve of TS geometry$ 

•! Generalization to non-Abelian discrete symmetries:  

    new (``twisted’’) torsional homologies...[M.C., Donagi, Poretschkin]   

Work in progress!

 


